In this work, we have used the exchange-only optimized effective potential in the self-consistent calculations of the density functional Kohn-Sham equations for simple metal clusters in stabilized jellium model with self-compression. The results for the closed-shell clusters of Al, Li, Na, K, and Cs with N =2, 8, 18, 20, 34, and 40 show that the clusters are 3% more compressed here than in the local spin density approximation. On the other hand, in the LSDA, neglecting the correlation results in a contraction by 1.4%.
I. INTRODUCTION
The Kohn-Sham (KS) [1] density functional theory (DFT) [2] is one of the most powerful techniques in electronic structure calculations. However, the exact form of the exchange-correlation functional is still unknown and, in practice, one must use approximations. The accuracy of the predictions of the properties depends on how one approximates this functional. The simplest one is the local spin density approximation (LSDA) in which one uses the properties of the uniform electron gas locally [1] . This approximation is in principle appropriate for systems in which the variations of the spin densities n σ are sufficiently slow. For finite systems and surfaces which are highly inhomogeneous, the generalized gradient approximation (GGA) [3] is more appropriate. In spite of the success of the LSDA and GGA, it is observed that in some cases these approximations fail to predict even qualitatively correct behaviors [4, 5, 6, 7] . On the other hand, appropriate self-interaction corrected versions of these approximations are observed to lead to correct behaviors [7, 8] . These observations motivates one to use functionals in which the self-interaction contribution is removed exactly. One of the functionals, which satisfies this constraint, is the exact exchange (EEX) orbital dependent functional. Using the EEX functional leads to the correct asymptotic behavior of the KS potential as well as to correct results for the high density limit in which the exchange energy is dominated [9] . Although neglecting the correlation effects in orbital dependent functionals fails to reproduce the dispersion forces such as the van der Waals forces [10, 11] , the EEX in some respects is advantageous over the local and semilocal approximations [11, 12] . To obtain the local exchange potential from the orbital dependent functional, one should solve the optimized effective potential (OEP) integral equation. Recently, Kümmel and Perdew [13, 14] have invented an iterative method which allows one to solve the OEP integral equation accurately and efficiently even for three dimensional systems. This method is used in this work.
To simplify the cluster problem, one notes that the properties of alkali metals are dominantly determined by the delocalized valence electrons. In these metals, the Fermi wavelengths of the valence electrons are much larger than the metal lattice constants and the pseudo-potentials of the ions do not significantly affect the electronic structure. This fact allows one to replace the discrete ionic structure by a homogeneous positive charge background which is called jellium model (JM). In its simplest form, one applies the JM to metal clusters by replacing the ions of an N -atom cluster with a sphere of uniform positive charge density and radius R = (zN ) 1/3 r s , where z is the valence of the atom and r s is the bulk value of the Wigner-Seitz (WS) radius for valence electrons [15, 16, 17] . Assuming the spherical geometry is justified only for closed-shell clusters which is the subject in this work. However, it is a known fact that the JM has some drawbacks [18, 19] . The stabilized jellium model (SJM) in its original form [20] was the first attempt to overcome the deficiencies of the JM and still keeping the simplicity of the JM. Application of the SJM to simple metals and metal clusters has shown significant improvements over the JM results [20] . However, for small metal clusters the surface effects are important and the cluster is self-compressed due to its surface tension. This effect has been successfully taken into account by the SJM which is called SJM with self-compression (SJM-SC) [21, 22] . Application of the LSDA-SJM-SC to neutral metal clusters has shown that the equilibrium r s values of small clusters are smaller than their bulk counterparts and approaches to it for very large clusters. This trend is consistent with the results of ab. initio. calculations [23, 24] .
In this work we have used the EEX-SJM-SC to obtain the equilibrium sizes and energies of closed-shell neutral N -electron clusters of Al, Li, Na, K, and Cs for N =2, 8, 18, 20, 34 , and 40 (for Al, N = 18 corresponds to Al 6 cluster and other values do not correspond to a real Al n ). In order to have an estimate for the self-interaction effects, we have repeated the calculations for exchange-only local spin density approximation (x-LSDA) in which the spin-polarized version of the Dirac form, E x = c x dr n 4/3 , is used. Comparison of the results shows that (except for N = 40 in Al case) the relationr EEX <r x−LSDA <r LSDA . The organization of this paper is as follows. In section II we explain the calculational schemes. Section III is devoted to the results of our calculations and finally, we conclude this work in section IV.
II. CALCULATIONAL SCHEMES
In this section we first explain how to implement the exact exchange in the SJM, and then will explain the procedure for the OEP calculations.
A. Exact exchange stabilized jellium model
As in the original SJM [20] , here the Ashcroft empty core pseudo-potential [25] is used for the interaction of an ion of charge z with an electron at a relative distance r:
The core radius, r c , will be fixed by setting the pressure of the bulk system equal to zero. In the EEX-SJM, the average energy per valence electron in the bulk with density n is given by
with
All equations throughout this paper are expressed in Rydberg atomic units. Here t s and ε x are the kinetic and exchange energy per particle, respectively.w R is the average value of the repulsive part of the pseudopotential (w R = 4πnr 2 c ), and ε M is the average Madelung energy. Demanding zero pressure for the bulk system at equilibrium yields:
Solution of this equation for r c gives
1.5 2 2. In Fig. 1 we have plotted the core radii for different values of r B s which assume 2.07, 3.28, 3.99, 4.96, and 5.63 for Al, Li, Na, K, and Cs, respectively. The result is compared with the case in which the correlation energy is also incorporated (see Eq. (26) of Ref. [20] ). As is seen, to stabilize the bulk system in the EEX case, the core radii assume smaller values.
As in the original SJM [20] (but in the absence of the correlation energy component), at equilibrium density we have
Here, δv W S is the average of the difference potential over the WS cell and the difference potential, δv, is defined as the difference between the pseudo-potential of a lattice of ions and the electrostatic potential of the jellium positive background. Once the values of δv W S and r c as functions of r B s are found, the EEX-SJM total energy of a cluster becomes
Here,
To obtain the equilibrium size and energy of an Natom cluster in EEX-SJM-SC, we solve the equation
where N and r c are kept constant and E is given by Eq. (9). The preocedure for the x-LSDA is the same as above except for that the Dirac exchange energy must be used.
B. The OEP equations
Kümmel and Perdew [14] have proved, in a simple way, that the OEP integral equation is equivalent to
φ iσ are the self-consistent KS orbitals and ψ iσ are orbital shifts. The self-consistent orbital shifts and the local exchange potentials are obtained from the iterative solutions of inhomogeneous KS equations. Taking spherical geometry for the jellium background and inserting
and 
(19) Here, ε iσ are the KS eigenvalues and
The right hand side of Eq. (19) can be written as
and
The quantities B and I in Eq. (24) are defined as
and the bar over I 2 implies average over m i and m j . Also, the expression forū xiσ reduces tō
The procedure for the self-consistent iterative solutions of the OEP equations is explained in Refs. [14, 26] .
In Fig. 2 , the self-consistent source terms q iσ (r) of Eq. (19) are plotted for the equilibrium size of Na 18 cluster. The corresponding orbital shifts ξ iσ (r) are shown in Fig.3 .
III. RESULTS AND DISCUSSION
We have used the EEX-SJM-SC to obtain the equilibrium sizes and energies of closed-shell 2, 8, 18, 20, 34, and 40-electron neutral clusters of Al, Li, Na, K, and Cs.
In Table I we have listed the equilibrium r s values, total energies and exchange energies. As is seen, the equilibrium r s values of the clusters are almost the same up to 3 decimals for the KLI and OEP schemes whereas, there are significant differences between the OEP, x-LSDA, and LSDA values. As an example, we have plotted the equilibrium r s values of the closed-shell K N clusters in Fig.  4 . It shows that the LSDA predicts larger cluster sizes than the x-LSDA and OEP. ) for all species in Fig. 5 . One notes that for a given element, the difference is larger for smaller clusters. On the other hand, the difference for the lower-density element is higher. However, the difference is about 3% on average. We therefore conclude that the EEX-SJM-SC predicts smaller bond lengths compared to the LSDA-SJM-SC. Comparison of ther s values for the LSDA and x-LSDA shows that bond lengths in the LSDA is about 1.4% larger on average. This difference should be attributed to the correlation effects. On the other hand, the same comparison between x-LSDA and KLI shows that, except for N = 40 in Al,r x−LSDA >r KLI by 1.5% on average. This difference is due to the self-interaction effects in the Dirac form for the exchange functional. Comparison of the equilibrium total energies of the OEP and KLI shows that OEP energies are on average 0.02% more negative. This result should be compared to the simple JM results [26] which is 1.2%. On the other hand, comparison of the exchange energies shows that on the average, the exchange energies in OEP is 0.34% more negative than those in the KLI.
In Table II , we have listed the lowest and highest occupied KS eigenvalues for different schemes. As in the simple JM [26] , the OEP KS eigenvalue bands are contracted relative to those of the KLI. That is, for all N , the relation ∆ OEP < ∆ KLI holds. Here, ∆ = ε H − ε L is the difference between the maximum occupied and minimum occupied KS eigenvalues. For the same external potential, the OEP and KLI results coincide for two-electron systems and ∆ = 0. The results in TableII show that the maximum relative contraction, |∆ OEP − ∆ KLI |/∆ KLI , is 2.7% which corresponds to Cs 18 .
The same comparisons between OEP and x-LSDA shows that E OEP < E x−LSDA by 5.2% on average, and E OEP x < E x−LSDA x by 11% on average. The band widths do not show any regular pattern, however, in the OEP the bands mostly contract relative to the x-LSDA.
Finally, we compare the results of LSDA and x-LSDA, which will show the correlation effects. As is seen in Table I , the total energies are close to each other for the high-density cases. That is, in the high density limit the exchange dominates the correlation. However, the total energies in the LSDA are more negative by 10% on average which is due to the correlation effects. On the other hand, the difference in the exchange energies is about 0.96% on average which is quite a small fraction. In the high density limit, the inequality E
holds whereas, in the low density limit the inequality changes sign.
IV. SUMMARY AND CONCLUSION
In this work, we have considered the exact-exchange stabilized jellium model with self-compression in which we have used the exact orbital-dependent exchange functional. This model is applied for the simple metal clusters of Al, Li, Na, K, and Cs. For the local exchange potential in the KS equation, we have solved the OEP integral equation by the iterative method. By finding the minimum energy of an N -atom cluster as a function of r s , we have obtained the equilibrium sizes and energies of the closed-shell clusters (N = 2, 8, 18, 20, 34, 40) for the four schemes of LSDA, KLI, OEP, and x-LSDA. The results show that in the EEX-SJM, the clusters are more contracted relative to the x-LSDA-SJM, i.e., 1.5% more contraction on average. The KLI and OEP results show equal values (up to three decimals) for the equilibrium r s values. The equiliblium sizes in LSDA and x-LSDA differ by 1.4% on average. In the LSDA and KLI the difference in 3% on average. The total energies in the OEP are more negative than the KLI by 0.02% on the average. It should be mentioned that in the simple JM the KLI and OEP total energies for Al were positive (except for N = 2). On the other hand, the exchange energies in the OEP is about 0.34% more negative than that in the KLI.
Comparison of the OEP and x-LSDA shows a duifference of 5.2% in the total energies and 11% in the exchange. The difference in the exchange energies of LSDA and x-LSDA is small (about 0.96%) whereas the total energy in the LSDA is about 10% more negative which is due to the correlation effects. The widths of the occupied bands, ε H − ε L in the OEP are contracted relative to those in the KLI by at most 2.7%. 
